Results for maximum temperatures and traction coefficients are also presented. The pressure dependence of lubricant thermal conductivity is found to significantly affect the maximum lubricant temperature.
Introduction
The strong dependence of lubricant viscosity on temperature significantly influences the traction and film thickness between surfaces in rolling and sliding contacts in the elastohydrodynamic (EHD) lubrication regime. Under high speeds and/or loads, the temperatures in the lubricant can reach critical values, causing a lubricant breakdown and subsequent surface failure. For over three decades, determining the operating conditions that correspond to the onset of these failures has been one of the most important goals in the area of tribology.
The first full numerical solution for obtaining film thickness data in line contacts was obtained by Dowson and Higginson (1959) . Their results are in general agreement with the experimental data of Crook (1957 Crook ( , 1958 and Sibley and Orcutt (1961) . The effects of heat generation and resulting temperature rise in the (Newtonian) lubricant film were included in the analyses of Cheng and Sternlicht (1965) and Wilson and Sheu (1983) . As expected, these analyses predicted film thickness values lower than those predicted by isothermal solutions. In these thermal analyses, the film thicknesses predicted by isothermal models are modified by a thermal reduction factor. Design practice today frequently uses this approach to predict film thickness in EHD contacts.
Because the analyses discussed above are all based on a Newtonian fluid model, it has been found that a reasonable prediction for fluid traction cannot be obtained. The experimental work of Johnson and Cameron (1967-1968) showed that, with an increase in the slide/roll ratio, the traction increases to a maximum and then decreases. Crook (1961) atContributed by the Tribology Division of THE AMERICAN SOCIETY OF ME-CHANICAL ENGINEERS and presented at the Joint ASME/STLE Tribology Conference, Toronto, Canada, October 7-10. Manuscript received by the Tribology Division February 26, 1990 ; revised manuscript received June 1, 1990. Paper No. 90-Trib-27. tempted to explain this phenomenon by considering the effects of shear heating on the viscosity of a Newtonian fluid. However, this theory agrees with experiments only when the pressure is relatively low.
To resolve the discrepancies between the theories and experiments for the traction behavior, a number of models have been proposed. One of the accepted models is that proposed by Johnson and Tevaarwerk (1977) 
Johnson and Tevaarwerk also showed, through their experimental data, that the elastic term (first term) in equation (1) could be neglected when the shear strain rate, 7, is reasonably large. In this case, equation (1) is simplified into the form,
This non-Newtonian rheological equation is based on a ReeEyring model Eyring, 1955, and Hahn et al., 1958) . It characterizes a shear-thinning behavior in the sense that the slope, dr/dy, decreases as 7 increases. Also, as T 0 -*OO, the non-Newtonian behavior vanishes and equation (2) approaches the Newton's law of viscosity. The traction tests conducted at controlled surface temperatures by Conry et al. (1980) confirmed the validity of equation (2) for relatively high shear strain rates. The non-Newtonian behavior of a lubricating fluid not only reduces traction under conditions of high shear strain rates, but also reduces film thickness compared to those predicted by Newtonian models. By employing equation (2), Conry et al. (1987) obtained an isothermal Reynolds-Eyring equation. Their numerical solutions showed an appreciable reduction of the film thickness due to the non-Newtonian effect under combined rolling and sliding conditions. These results are in good agreement with those of Gecim and Winer (1980) , who used an Ertel approximation (Ertel, 1984 and Grubin and Vinogradova, 1949 ) and a shear-thinning model to analyze nonNewtonian effects.
The film thickness reduction at high shear strain rates is due to the combination of thermal and non-Newtonian effects. These combined effects were studied numerically by Wang and Zhang (1987) with the assumptions that the lubricant viscosity is constant across the film and that the lubricant obeys a limiting shear rheological model similar to that proposed by Bair and Winer (1979) .
The temperature results for EHD contacts obtained numerically by previous investigators, such as those by Cheng and Sternlicht (1965) and those by Conry (1981) , for a nonNewtonian fluid with assumed film shape, are based on the assumption of a constant thermal conductivity of the lubricant. However, Richmond et al. (1984) found experimentally that the thermal conductivity of a mineral oil increased to twice its ambient value when pressure was increased to 1 GPa. This finding indicates that the actual temperature rise in the contact may be much less than that calculated with a constant thermal conductivity.
In this paper, a thermal Reynolds-Eyring equation is derived by utilizing the non-Newtonian constitutive law, equation (2), and considering the effects of the variation of viscosity with temperature across the film. Numerical solutions are obtained for the ranges of parameters usually found in practice. By using a regression analysis, a formula for the thermal and nonNewtonian (Ree-Eyring) film thickness reduction factor, C n is obtained. The change of the lubricant thermal conductivity with pressure is also included in the analysis.
Governing Equations
Thermal Reynolds-Eyring Equation.
In deriving a Reynolds-Eyring equation, Conry et al. (1987) assumed a constant lubricant viscosity across the film. In order to consider the effect of temperature variation across the film, and resulting variations of viscosity, a thermal Reynolds-Eyring equation is derived.
Referring to Fig. 1 and considering the equilibrium of a fluid element, the momentum equation can be written as
Integration of equation (3), assuming that p=p(x), gives
Under the assumption that 8w/dx«du/dz, equation (2) is rewritten as
Substituting equation (4) into equation (5) and integrating, the expression for u(x, z) is written in terms of a dimensionless function, A, and a midlayer shear stress, T"" as
half Hertz contact width, m C r = H 0 /H OJN , thermal and non-Newtonian (ReeEyring) film thickness reduction factor Cf p = constant-pressure specific heat of the lubricating fluid, J/kg-K c u c 2 = specific heats of solid surfaces 1 and 2, J/kg-K E u E 2 = moduli of elasticity of solid surfaces 1 and 2, Pa 
Equation (6) can be rewritten as
In this derivation, T 0 is assumed to be constant across the film. The factor, 1/ij, in the integral of equation (10) is approximated by a quadratic function, based upon the lower-surface, midlayer and upper-surface temperatures, T lt T"" and T 2 . 
The velocity boundary condition at the upper surface, u(x, 1) = U 2 , is substituted into equation (14) and dp/dx
The expression, exp(T m /r 0 ), can be solved as a root of equation (19) 
Substituting equation (14) into equation (23) and using equation (8), one obtains The continuity of fluid flow under a steady-state condition requires that
Substituting equation (24) into equation (26) 
The midlayer shear stress, T OT , in equations (27) and (28) can be found by solving equation (19) . For the isothermal condition, in which the viscosity is constant, both A and B are zero, and equation (27) is reduced to the isothermal ReynoldsEyring equation given by Conry et al. (1987) . Furthermore, for isothermal Newtonian fluids, r 0 tends to infinity, and equation (27) can be shown to reduce to a conventional Reynolds equation given by Dowson and Higginson (1977 The load equation is given as
Energy Equation.
Assuming conduction only in the z-direction and convection only in the x-direction, the energy equation of the lubricating fluid takes the form (Conry, 1981) ,
where $(x, z) is the dissipation function, defined as the product of the shear stress and the viscous shear strain rate, i.e.,
*(x, z) •• 70
T m + H) dp dx sinh T m + (z~h/2)dp/dx
Equation (32) is used only for the region where the velocity component, u, is non-negative throughout the cross section of the film, i.e., the region x>x s . The energy equations for the region x<x s will be discussed later.
The boundary conditions for the energy equation, for two moving surfaces, are given by
The boundary conditions, at the cross section, x = x s , are obtained from interpolation of the temperatures found by solving the energy equations for the inlet region.
Viscosity Relation. The Roelands viscosity relation (Roelands et al., 1963) 
where a and B are determined from the following relations.
and Upper Region Fig. 2 The streamlines of the flow field in the inlet region
(40) Since the film thickness of an EHD contact is determined primarily by the conditions in the inlet region where the pressure, p, and temperature rise, (T-T 0 ), are both small, the parameters for this condition, a and /3, as defined by equations (39) and (40), together with r) 0 , are the most important parameters in the viscosity relation. Therefore, instead of using r) 0 , z and S 0 , the parameters i? 0 , a, and /3 will be used in this study to describe the dependence of viscosity on pressure and temperature.
Thermal Conductivity Relation. The dependence of the thermal conductivity upon pressure of a representative mineral oil, LAD 2201, was given graphically by Richmond et al. (1984) . The data points on this experimental curve, for pressures up to 1.2 GPa, have been measured, and excellent fitting has been found with the following equation. 
System of Energy Equations for the Inlet Region.
A stagnation point exists in the inlet region of an elastohydrodynamic (EHD) line contact. The stream-lines and the stagnation point, S, are shown in Fig. 2 , where large arrows represent flow directions and dashed lines represent a locus of zero x-component of velocity, i.e., w = 0. The abscissa of the stagnation point is denoted by x s . In the region upstream of the stagnation point, x<x s , there exists a back-flow region where u is negative. The region, x<x s , is divided into three sub-regions, namely, the lower region, the back-flow region (middle region), and the upper region, as shown in Fig. 2 . As a result of the backflow, numerical instability arises in the common forward marching scheme for the temperature solution of the energy equation. A simple control-volume scheme therefore is presented to treat the inlet region.
Since the full solution to the thermal EHD lubrication problem involves a number of iteration loops, the solution for the inlet temperature is only one step in these iterations. In this step, it is assumed that the surface temperatures T x (x) and T 2 (x), the pressure distribution p(x), and the film thickness profile h(x) are known. The viscosity of the lubricant, i}(x, z), can be calculated based on the pressure distribution given and the temperature distribution, T(x, z), found on the last iteration for the temperature solution. For a given viscosity, pressure and film thickness, the lubricant velocity distributions, u(x, z) and w (x, z) , and the midlayer shear stress, r m (x), can be found. Therefore, the following derivation for the energy equations will be based on givenp(x), h (x), u(x, z), w(x, z) 
, r m (x), T { (x), and T 2 (x).
Consider a control volume of width Ax, height h, and unit depth, as shown in Fig. 3 and
The heat transfer rates for the lower, back-flow and upper regions in the control volume are shown in Fig. 3(b) . The arrows indicate the assumed positive directions of heat transfer. In the x-direction, only convection is considered while in the z-direction, both conduction and convection are considered. In the latter case, conduction occurs between regions B and L, between B and U, between L and surface 1 and between [/and surface 2; and convection occurs between regions B and L, and between B and U. Referring to Fig. 3(b 
The z-component of velocity, w bl , is evaluated by employing continuity at the interface between regions B and L,
and *, is the average dissipation function of the lower region, defined by 1 f"'
Substituting equation (43) into equation (44), the energy equation is obtained for the lower region, which is given by
where
and
Similarly, the energy equation for the back-flow region, B, is found to be
u b is the average x-component of velocity for the back-flow region, defined by
The z-component of velocity, w bu , is evaluated by employing continuity at the interface between regions B and U,
p dx and $(, is the average dissipation function of the back-flow region, defined by
The energy equation for the upper region, U, is found to be
where 
The set of ordinary differential equations, equations (48), (51) and (58), form a system of energy equations for the inlet region before the stagnation point. The average temperatures, Tfa), T b (x), and T u (x) can be found by solving this system simultaneously subject to the boundary conditions given by T/=T U = T 0 as x approaches negative infinity. In the numerical calculation, these boundary conditions for 7) and T u are applied at the inlet boundary, which is taken as x-m = -3a for most of the solutions. The upper and lower surface temperatures in the inlet region for x<x s are assumed to be T 0 in the calculation since the surface temperature rise is small in this region.
Numerical Considerations. The thermal Reynolds-Eyring equation, (27), the elasticity equation, (30), and the load equation, (31), are solved by using the Newton-Raphson iteration. The boundary conditions for the pressure are given by p = 0 at the inlet boundary andp = dp/dx = 0 at the outlet boundary. The integral for the elastic deformation, in equation (30), is replaced by a weighted sum of discrete pressure values in the contact. Once the pressure distribution and film thickness are found, the energy equations, (32), (48), (51), and (58), are solved with finite difference schemes. In the inlet region, for x<x s , an upwinding difference scheme (Spalding, 1972 ) is used to ensure numerical stability. The temperatures obtained in a given step are used to solve for the pressures and film thickness in the next iterative step of a direct iteration loop. An underrelaxation factor of 1/2 and a limitation for the maximum change are imposed on the temperatures in the iteration loop to improve convergence.
Results and Discussion
Numerical results are presented for different values of independent dimensionless groups. In order to obtain these groups, the dimensionless quantities, X* = aE' x/R = 4 ap^x/ a, Ho=(aE') 2 h 0 /R, as suggested by Johnson (1970) , as well as P, f, T*, and T* = T/T 0 , are employed in nondimensionalizing the governing equations. A complete set of thirteen independent groups are found. These groups are , are given in the section for the viscosity relation. All other dimensionless quantities mentioned above are functions of these independent groups. The parameters, gi and g 2 , were introduced and identified by Greenwood (1969) as a complete set of independent dimensionless groups for isothermal EHD lubrication of a line contact, with the dependent group as H 0 , which is related to H$ by H 0 = H%g}/(4Tr 2 g\).
The physical significance of the dimensionless groups mentioned above is described as follows. The normalized Hertz pressure, g 2 = ap 0 , is a measure of the viscosity increase with the maximum Hertz pressure. The group, g lt called a viscosity parameter, describes the influence of the hydrodynamically generated pressure on viscosity. This parameter can be expressed as gx -5a# max , where ^ax is the maximum pressure in the contact obtained by assuming an isoviscous fluid and rigid cylinders (Greenwood, 1969 and Johnson, 1970) . The value of <7 max is given by Martin (1916) 
. When the quantity, g\/i = aq mmi , is much less than g 2 , it is possible for the contact to generate a hydrodynamic pressure of magnitude q max without appreciably deforming the surfaces. In such a case, whether the viscosity variation has an important influence on the film thickness depends upon the value of g x / 5. When g/5 is much less than unity, the viscosity variation can be neglected.
The group, g 5 , called a normalized Eyring stress, describes the degree of shear-thinning behavior of lubricant. As g 5 tends It should be noted that the groups, L R , P R and 8 R , characterize high-pressure and high-temperature performance of a lubricant while the coefficients, a and 0, characterize the performance at low pressure and near-bulk temperature. Since the EHD film thickness is primarily determined by the low pressure and near-bulk temperature conditions in the inlet region, these three groups do not significantly affect the film thickness. Furthermore, since the temperature rise in the inlet is small, L 4 and L 5 do not affect the film thickness significantly. Hence, H 0 can be expressed as a function of the other eight groups. The major goal of this study is to obtain film thickness and temperature data in EHD line contacts using mineral oils and steel surfaces. Although the viscosity, TJ 0 , varies over a wide range for different mineral oils, the values of a and /3 do not vary significantly. Therefore, the a and /3 values are assumed to be constants and are based on a representative mineral oil, LVI-260, at a temperature of 90°C. For this temperature, the pressure-viscosity coefficient, a, is 2.1 x 10~8 Pa" 1 , which is obtained from the data of Galvin et al. (1964) . The temperature-viscosity coefficient, (5, for this oil is found to be 0.0351 (\/K) based on the data given by Conry et al. (1979) . The parameters, z, and S 0 , in the Roelands viscosity relation, can be calculated by using equations (39) and (40), respectively. Other representative properties for mineral oils are also based on LVI-260. Among these, all kept constant in this study, are p = 929 kg/m 3 , c /p = 2250 J/kg-K, A: 0 = 0.125 W/m-K, as given by Conry (1981) , and T 0 = 2.9X 10 6 Pa, as given by Johnson and Tevaarwerk (1977) . This value of T 0 is a medium value among those of the lubricants tested by Johnson and Tevaarwerk. The lubricant is considered to be incompressible based on the results found by Goglia (1982) . The material parameters of the solid surfaces are taken as those of steel to be £"= 2.28 x 10 1 ' Pa, P! = p 2 = 8000 kg/m 3 , c, = c 2 = 470 J/kg-K, and k l = k 2 = 'i& W/m-K. The equivalent radius, R, is taken as 0.0395 m for all the results presented graphically in this paper.
Under the above assumptions, the dimensionless groups, L 2 , L},u £3,2. L R , and g 5 are constants and are given by L 2 = 0.799, £3,1 =£3,2= 1-83xlO" 3 , L J? =1.63xlO-6 , and g 5 = 292. Subsequently, there are only four independent dimensionless groups which vary, namely , g u g 2 , £, and L x . For most of the data to be presented, g 2 is taken as 20.1, a constant, by using constant values of a and p 0 . A few data points are also obtained for g 2 = 30.2.
The numerical results are shown in Figs. 4 through 9. The film thickness results are presented in the form of a thermal and non-Newtonian (Ree-Eyring) reduction factor, C n which is defined as
where H 0 is the dimensionless central film thickness calculated from the full thermal and non-Newtonian model, and H 0 j N is the dimensionless central film thickness calculated from an isothermal and Newtonian model. In this paper, H oiN is calculated from the central film thickness formula proposed by Dowson and Toyoda (1978) , which can be rewritten, in terms of the dimensionless groups in this paper, as J f/ 0 , /N =2.90^-6 V°-06 .
(64) The reduction factor, C n for gj = 240, 495 and 989, is shown in Figs. 4(a) and (£>). The results are obtained for £ = 0.1, 0.6, and 1.8, and for Z,, ranging from 0.081 to. 58.6, which covers most of the practical range of interest. As expected, the data show a decrease in C r with an increase of the thermal loading parameter, L u and an increase of the slide/roll ratio, £.
The data in Fig. 4 also show that C r decreases with decreasing gi. One way of interpreting a decrease in g, is to increase the product of t/o and U 0 , with other dimensional quantities fixed. This product pan be changed while L x is kept constant. Approximating 7 in equation (2) by %U 0 /h 0 , it can be seen that an increase of (TJ 0 U 0 ) will increase the shear stress and, therefore, the non-Newtonian effect. Thus, the decrease of C r with decreasing g u results from a film thickness reduction due to increasing non-Newtonian effects.
It is interesting to notice that, especially for £ = 1.8, the effects of L y on C r decrease as g x decreases. This trend can be explained by observing that, for high values of (i} 0 U 0 ) and small values of L u there exist appreciable film thickness reductions due to the non-Newtonian effects. As L x increases, there are two processes taking place simultaneously. One is a film thickness reduction caused by the thermal effect, and the other is a gradual relief of the non-Newtonian reduction due to the decrease of shear stresses caused by the higher temperatures. As a result, increasing L x does not give large reductions in film thickness, especially at high values of £ and small values ofgi.
For low slide/roll ratios, Fig. 4 shows an inverse "S" shape. This trend results from the fact that, for small L lt the fluid temperatures in the inlet region increase with increasing L x . However, as L t is further increased, this temperature remains almost constant. This behavior can be easily observed from temperature distribution plots which are not presented in this paper. On the contrary, for high slide/roll ratios, the inlet temperatures increase steadily, both for small and for large values of L u and, therefore, no inflections are seen in the curves.
By performing a regression analysis on the data shown in Fig. 4 and a few data for a higher g 2 value of 30.2, the following empirical formula is obtained for the thermal and non-Newtonian (Ree-Eyring) film thickness reduction factor, C r .
where Y is the thermal and non-Newtonian (Ree-Eyring) In equation (66), L e is the effective thermal loading parameter, defined as £ e =l + 3.08xl0-6 «fc" (67) and Z is the slip parameter, defined as
where U x and U 2 are assumed to be positive. Equation (65) is valid over wide ranges of L x and £. The applicable range for g 2 , however, is limited to 20<g 2 <30 or nearby values, due to the small number of data points used in the regression analysis.
The influence of g t on the slope of the C r -L x curve has been included in the empirical formula by means of the dependence of L e on g u as given by equation (67). The form of both L e and Z have been so chosen that, as £ or L x approaches zero, equation (65) gives a non-zero film thickness reduction, which is a condition required by the numerical data. For example, as L x approaches zero, the non-Newtonian effect gives a film thickness reduction even though the thermal effects on film thickness are negligible.
With an increase in g 2 , equations (65) and (66) indicate a decrease in C n i.e., a further reduction of film thickness. This is because a higher viscosity resulting from the higher Hertz pressure, p 0 , gives a higher shear stress, which enhances the non-Newtonian behavior.
The reduction factor, C n given by equation (65), is plotted against the influence parameter, Y, in Fig. 5 , with the numerical results shown as small circles. The maximum relative error in C r between the line and the data points is 10 percent. The data points show a -one-sided deviation from the line as C r approaches unity (isothermal, Newtonian case). This deviation results from the fact that C r is forced to be unity as Y approaches zero in the regression process.
The results for the minimum-to-central film thickness ratio, H m {JH 0 , are shown in Figs. 6(a), ib) , and (c) for £ = 0.1, 0.6 and 1.8, respectively. A decrease of this ratio with an increasing Z,! results from an increasingly sharp drop of pressure at the outlet of the contact. For high £ and low g u the curves show decreasing slopes at large values of L x . For these conditions, this trend can be explained by noting that, as shown by the temperature and pressure distributions which are not presented, the major increase of temperature with the increasing L t occurs near the outlet, and, therefore, does not significantly affect the pressure distribution, which determines the film shape. For low £ and high g u however, as Z,, increases, the major temperature increase occurs in the central region of the contact, which changes the pressure distribution, giving a rapid decrease of H min /H 0 .
The ratio, H mia /H 0 , decreases with an increase in gj except for low £ and L x where the reverse is true. This ratio also decreases with an increase in £ except for low g, and L x where the reverse is true. These two effects are caused by the presence of a pressure spike near the outlet for low £ and moderate to high g] values. For low g lt the pressure distribution deviates appreciably from the Hertzian shape, and a high single pressure maximum appears near the center of the contact instead of a pressure spike near the outlet. The dependence of H min /H 0 upon £ and g { is significantly affected by the presence or absence of the pressure spike.
Although all the solutions have been obtained for a bulk temperature, T 0 , of 90°C, the results for the dimensionless film thickness, H 0 , can be applied to conditions with different T 0 because H 0 depends on dimensionless groups that do not directly involve T 0 . If distinct lubricants at different bulk temperatures have identical viscosity, J? 0 > an d other properties, the resulting H 0 will be the same.
The midlayer temperature, T m (x), is defined as the temperature at z = h/2. The maximum midlayer temperature, T' m.max-is plotted versus L t in Fig. 7 . Note that T m max is not necessarily the maximum temperature for the whole flow field. The maximum surface temperature is plotted versus L x in Fig.  8 . As expected, for all the results, the maximum surface temperatures occur at the slower surface, which is surface 2 in this paper and is, therefore, denoted by T 2mm . Although in this analysis a dimensionless temperature defined as T* = /3 (T-T 0 ) was used, Figs. 7 and 8 show temperatures in their dimensional form (for r 0 = 90°C). Both T m<max and T 2tItax are observed to increase with an increase of L\, £, or g,.
To estimate the sensitivity of the presented results to changes in the Roelands temperature parameter, 8 R , this parameter was , varied by changing T 0 for the operating condition specified by gi = 495, g 2 = 20.1, £ = 0.6 and Z,, = 1.38 (a medium range case). The bulk temperature, T 0 , was changed from 90 °C to values of 0°C and 180°C. The viscosity, r/ 0 , is not changed for this computation, implying that different lubricants are used to maintain constant values of g x and L x when the Roelands temperature parameter, B R , is changed. Compared to the solution for T 0 = 90 ° C, the changes in H 0 and H min /H 0 are less than one-percent. Furthermore, the change in the maximum midlayer temperature rise, T mmax -T 0 , and the change in the 240/Vol. 113, APRIL 1991
Transactions of the ASME in the traction coefficient are found to be less than six-percent. These results suggest that the influence of 8 R on the film thickness, temperature rise, and traction coefficient is not significant.
In engineering practice, a change in the bulk temperature, T 0 , for a specific lubricant, gives changes not only in 6 K , but also in g { and L x due to the strong dependence of viscosity, •ijo, on temperature. Numerical solutions were obtained about the same medium range case with the bulk temperatures changed from 90°C to 60°C and 120°C. Under these conditions, gi and Z,] will change.while g 2 and £ will remain at 20.1 and 0.6, respectively. The film thicknesses obtained lie well within the maximum band of error for equation (65) . The temperature rises, T" hmax -T 0 , for these two cases are consistent with the data presented in Fig. 7, corresponding to the values of g x and L x associated with the values of T 0 .
The discussion above suggests that the temperature results shown in Figs. 7 and 8 can be used to predict maximum temperatures for conditions where T 0 is other than 90 °C provided that the dimensionless temperature, V, is utilized.
For all the plots presented, the material-geometry parameter, L R , is held constant at 1.63 x 10~6. A sensitivity test on this parameter has been made for the medium range case mentioned above. When L R is decreased to 4.2 x 10~7, with all other dimensionless groups kept constant, no significant change is found in the numerical results. However, when L R is further decreased to 2.6 x 10" 8 , appreciable increases in the maximum midlayer temperature rise, T mmax -T 0 , the maximum surface temperature rise, T 2inax -T 0 , and the traction coefficient are found; the dimensionless central film thickness, H 0 , and the dimensionless film thickness ratio, H min /H 0 , are not significantly affected.
In order to understand the temperature behavior shown in Figs. 7 and 8, the energy equation, (32), will be examined. Since the lubricant film is very thin compared to the width of the contact, the convection term on the left-hand side of equation (32) is much smaller than the conduction term (the first term on the right-hand side). By neglecting the convection term, equation (32) can be rewritten as (69) Defining a non-Newtonian factor, Q", as the ratio of the shear stress of a non-Newtonian fluid to that of a Newtonian fluid under the same rate of shear strain, y, i.e., Q" = r/(riy), the dissipation function, $, can be rewritten as follows:
The behavior of the temperature near the center of the contact can be easily explained by the use of equation (70). For this region, where dp/dx is relatively small, the quantity in the square brackets in equation (70) is around unity. Noting this fact, and substituting equation (70) into equation (69), a simplified energy equation in a nondimensional form is obtained
It is obvious from equation (71) that, as L x or £ increases, the heat generation term increases, and, hence, the temperature increases. The factor, (17/170), serves as a damping factor in the sense that it becomes smaller when the temperature is increased. The factor, (k 0 /kf), depends on pressure, as given by equation (41). The effects of g { on temperature can be explained by considering the case with all dimensional quantities fixed except for r\ 0 and U 0 . Under these conditions, as gi increases, (rjoUo) decreases, and Q" increases as a result of decreasing (1)7). This increase in Q" indicates a decrease in non-Newtonian effects.
For a constant L^2, this gives an increase in the heat generation term, resulting in an increase in the temperature. Consequently, Tm.max increases with increasing g u as shown in Fig. 7 . Moreover, from Fig. 8 , T" 2max also increases with the increase of g u since the amount of heat transferred to the solids depends on the temperature gradients, whose magnitudes are larger for a higher midlayer fluid temperature.
The traction coefficients, f, versus L x for g { = 240, 495, and 989 are plotted in Figs. 9(a) , (b) , and (c) for £ = 0.1, 0.6, and 1.8, respectively". As can be seen from Fig. 9(a) , for small £ and small L u f increases slightly with increasing L x for both g! = 495 and 989. This increase in traction coefficient is caused by a decrease in the film thickness due to a slight temperature rise in the inlet region. For these conditions, the temperature rise in the contact zone does not significantly affect the shear stress. For higher L x and £, however, the temperature rise significantly reduces the shear stress, giving a decrease in / with an increase of L x .
For low £ and L u the traction coefficient is observed to decrease with decreasing g lt which implies an increase in (ri 0 U 0 ) when other dimensional quantities are fixed. This is because an increase in (r/ 0 t/ 0 ) makes the pressure distribution deviate significantly from the Hertzian shape and shifts the distribution toward the inlet. As a consequence, the viscosity is relatively low in the region near the outlet since the pressure is relatively small. This pressure shape gives a shear stress distribution over a small effective domain, and, therefore, gives a small traction coefficient. For moderate to high £, however, the traction coefficient increases with decreasing g u which implies an increase in (7/0£/o) when other dimensional quantities are fixed. This is because, for a high £, the shear stress is strongly affected by the factor (i?f/ 0 £) rather than by the pressure distribution.
By comparing Fig. 9 (a) with (b), and (b) with (c), it can be seen that the traction coefficient increases with increasing £ for small L x (nearly isothermal conditions), and decreases with increasing £ for higher L x which implies significant thermal effect. This is because an increase in £ gives a large increase in temperature whenZ,,£ 2 is high, and this temperature increase reduces the viscosity, and, hence, reduces the shear stress in the contact. These trends are consistent with the behavior of the experimental traction curves obtained by Johnson and Cameron (1967-1968) . Their experimental curves show that, for a range of nearly constant U 0 and ij 0 , the traction coefficient increases with increasing £ for low £ (small £j£ 2 ), and decreases with increasing £ for high £ (large Z-i£ 2 ).
In order to ascertain the effect of the pressure-dependent thermal conductivity, kj-given by equation (41), a case for g { = 629, g 2 = 20.1 and £ = 0.6 has been investigated. By using a constant kf= k 0 , the maximum midlayer temperature, T m max , is found to be 320°C, and the maximum surface temperature, T^maxi is found to be 137°C. By using the pressure dependent kf, T mmax is decreased by 27°C and T 2max is increased only by 1°C. Therefore, the major effect of the variable kj is on the maximum temperature in the fluid.
It is natural to try to compare the results presented in this paper with those from similar analyses in the literature, among which are the results of Wilson and Sheu (1983) , which give much smaller C r values for high L t than the present results since only conduction was considered in their analysis. In fact, convection is important in the inlet region, especially for high speeds, which are usually associated with high values of X,. To illustrate this fact, consider the following results based on g { = 495, g 2 = 20.1, £ = 0.6 and L, = 1.38. The heat transferred by conduction to both surfaces in the region from x= -3a to the stagnation point is found to be only thirty-six percent of the total heat generated in this region, with the rest of the heat being transferred by convection, of which thirty-six percent is transferred downstream and twenty-eight percent is transferred out of the contact by back-flow.
Conclusions
A formula for the thermal and non-Newtonian (Ree-Eyring) film thickness reduction factor, C" has been obtained by regression based on numerical results. This formula, equation (65), shows a decrease in C r with an increase of L u £, and g 2 , and with a decrease of gi. The change of the reduction factor, C n with L l is influenced by the value of g lm The formula also shows that, even when the thermal loading parameter, L lt approaches zero, there still exists a film thickness reduction due to non-Newtonian effects. The solutions presented are useful in the design of gears, rolling element bearings and cams where elastohydrodynamic line contacts exist.
The changes in the ratio, H min /H 0 , with g, and £ depend strongly on the changes in the shape of the pressure distribution. This ratio decreases with increasing g, except for low £ and L lt and decreases with increasing £ except for low gj and L\.
The maximum midlayer and surface temperatures are observed to increase with an increase in L x , £, or g,. The maximum midlayer temperature in the lubricant is significantly affected by the dependence of lubricant thermal conductivity on pressure.
The traction coefficient is observed to increase slightly with an increase of L x for low £ and L u and to decrease with an increase of L, for all other conditions. vestigated in this laboratory (Bair and Winer, 1982 and 1990) . Newtonian behavior was observed to shear stresses of about 20 MPa (nearly ten times the required Eyring stress for traction curve fitting) followed by rate independent yielding at higher stresses. In the 1990 paper, lower pressures and higher shear rates were utilized in an attempt to find Eyring behavior. But, the transition from Newtonian to limiting shear was even more abrupt than at higher pressures. No primary evidence exists which supports Eyring's Sinh law behavior in lubricants at high pressure. Why then has so much time been spent incorporating it into an EHD analysis?
where k B is the Boltzmann constant, 9 is the absolute temperature, C is a constant determined by the microscopic structure of the fluid, E is the thermal activation energy for the flow, and v p and v T are the activation volumes for pressure and for shear stress, respectively. The Ree-Eyring model is valid when the work done by the shear stress in promoting flow, V T T, is small compared to the total activation energy, E+pv p . When the former quantity is comparable with the latter, the fluid behavior must be described in some other way. Experiments conducted by Imai and Brown (1976) on amorphous solid polymers suggest that the mechanism of flow changes from thermally activated motion of independent molecular segments to the formation of shear bands through the collaborative motion of adjacent segments when the shear stress reaches the order of 1/30 of the elastic shear modulus. The material can deform plastically under a constant shear stressa limiting shear stress-when shear bands are formed. The experiments by Bair and Winer (1979 , 1982 ) indicated that lubricating fluids also reach a limiting shear stress. Experimental data obtained by Evans and Johnson (1986) showed that values of the limiting shear stress were on the order of 1 /45 of the elastic shear modulus of the lubricants. This suggests that the limiting shear behavior might be caused by the formation of shear bands or a similar mechanism, other than thermal activation, and that the limiting shear stress represents the ultimate strength of the material.
In Bair and Winer (1990) , the limiting shear stress data for LVI-260 mineral oil indicated values of r L /p ranging from 0.031 to 0.040, while the value of 0.047, given in their Table  2 , was used for comparison with the data of Johnson and Tevaarwerk (1977) . A close examination of the models used to interpret their data from the high-pressure couette viscometer reveals a sensitivity of the experimental results to thermal effects intrinsic to the apparatus, which cannot be directly measured. This is especially true for the data obtained with very small gaps between the concentric cylinders. Moderate temperature rises at the stationary inner surface could serve to decrease the gap (thus increasing the real average shear strain rate) and reduce the viscosity in the vicinity of the inner wall (further increasing the local shear strain rate near the inner wall), while the perceived average shear strain rate would remain unchanged. This is a possible explanation for the apparent Newtonian behavior observed by the discussors for some fluids. Bair and Winer (1979) proposed the following limiting shear stress model:
(A-3) V As the shear strain rate, 7, tends to infinity, equation (A-3) shows that the shear stress, r, approaches the limiting shear stress, T L . This model gives a good description of the shear behavior near the limiting shear stress for some lubricants. However, in this model, the initial non-Newtonian behavior at stress levels much lower than the limiting shear stress is determined by the value of the limiting shear stress. Since it is likely that the initial non-Newtonian behavior of a lubricant originates from a physical mechanism that is different from the limiting shear stress, the following rheological model would be more appropriate. 
Equation (
A-4) is a generalization of the model proposed by Jacobson and Hamrock (1984) . Viscoelastic effects are not included under the assumption that the Deborah number is usually below one for the operating conditions usually found in machines. Equation (A-4) should only be applied when coupled with a thermal analysis and would require data on the variation of T L with both pressure and temperature. Unfortunately, these data are only available for a few lubricants and for a very limited temperature range. Since the Ree-Eyring model is valid only when the shear stress is less than the limiting shear stress, it is desirable to compare the calculated shear stresses to limiting shear stress values. The experiments to obtain the limiting shear stress values of LVI-260 oil (Bair and Winer, 1982 and 1990) were conducted in a temperature range from 20 to 35°C. In order to compare the numerical solutions obtained in this paper to these experimental values of limiting shear stress, the dimensionless results presented in this paper are applied to the LVI-260 oil at different temperatures. For each case studied, with some dimensional parameters specified, an »j 0 value corresponding to the given dimensionless parameters, gi and L 1( can be found. In order to obtain this r\ 0 value, the oil is considered to be placed at a temperature, T", given by a viscositytemperature relation at ambient pressure. In this way, each case studied would correspond to an operating condition with the LVI-260 oil at a bulk temperature, To, and at an average contact temperature, T", approximately given by T"= To + &T mymax /2, where an estimate of the maximum midlayer temperature rise, A7^m ax , can be obtained from Fig. 7 by using the equation, A7^m ax = 7^m ax -90°C. An examination all the data for g 2 = 20.1 showed that five cases had T" values that are approximately within the temperature range tested by Bair and Winer. For these cases, the limiting shear stress is estimated as a function of the contact position, x, by using the formula, T L = T Lo + mp, (A-5) where m = 0.047 (Bair and Winer, 1990) , and T Lo = 2.3MPa (Jacobson and Hamrock, 1984) . The maximum value of T/T L for the whole contact is obtained for each case. This maximum ratio is found to be in the range from 0.61 to 0.81 for the five cases considered, indicating that the limiting shear stress values would not be reached. Thus, the initial assumption-that the governing constitutive equation (2) would be used, ignoring the effects of limiting shear stress-appears to be correct. Bair and Winer (1990) argue that the apparent Ree-Eyring behavior in disc machine experiments is a consequence of the distribution of the boundary of a "plastic" region in the lubricant near the EHD contact center. This conjecture was based on an isothermal analysis with a model that assumed Newtonian behavior when the shear stress was below T L (see equation (17) of the above reference). Yet Bair and Winer (1979) postulated a constitutive equation (A-3) based on their experimental observations-that non-Newtonian effects are apparent at shear stress levels below the experimentally observed limiting shear stress levels. If this equation were used, the "plastic" central region would occur at much larger shear strain rates, or it might not occur due to the initial non-Newtonian and thermal effects (for T< T L ) as are noted in this paper. When shear strain rates are large, thermal effects must be considered.
The benefit of this discussion is to point out the need for corroboration of the limiting shear stress data of the discussors and to underscore the need for robust experiments to help resolve the uncertainty about the actual physical (and/or chemical) behavior of engineering lubricants at high pressures, temperatures, and shear strain rates.
